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Abstract 

We study a notion of realizability with a local operator J which was 
first considered by A.M. Pitts in his thesis [7]. Using the Suslin-Kleene 
theorem, we show that the representable functions for this realizability 
are exactly the hyperarithmetical (Aj) functions. 

We show that there is a realizability interpretation of nonstandard 
arithmetic, which, despite its classical character, lives in a very nonclas- 
sical universe, where the Uniformity Principle holds and Konig's Lemma 
fails. We conjecture that the local operator gives a useful indexing of the 
hyperarithmetical functions. 



Introduction 

This short note collects a few results from an analysis of a notion of realizability 
with a local operator first identified by A.M. Pitts. The notions 'local opera- 
tor' and the realizability to which it gives rise are defined in sections 1 and 2, 
respectively. We refer to this as ' J'-realizability'. 

This jy-realizability was studied in [5] where it was established that all arith- 
metical functions are ' J/"- representable' (again, for a definition see section 2). 
Here we sharpen this result and characterize the ^J-representable functions as 
exactly the hyperarithmetical (Aj) functions. 

We show that there is a ^J-realizability interpretation of nonstandard arith- 
metic. This is in sharp contrast to ordinary Kleene realizability, where there 
cannot even exist a nonstandard model of intuitionistic /Ei: see [51 [TT|. 

Despite these 'classical' features of J^-realizability, it forms part of a very 
non-classical universe, in which for example the Uniformity Principle holds and 
Konig's Lemma fails. 

We conjecture that Pitts' local operator gives a neat indexing of the hyper- 
arithmetical functions, which could be fruitful in developing 'recursion theory 
with hyperrarithmetical functions' (a topic touched upon in chapter 16 of the 
classic [S]). 
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The paper starts out as concretely as possible, in an effort to be accessible 
to any reader who is familiar with realizability and recursion theory. More gen- 
eral and conceptual, topos-theoretic comments are therefore relegated to a final 
section, which can be skipped without detriment to the reader's understanding 
of the technical material presented before. 

1 Notation and Preliminaries 

We assume a recursive coding of finite sequences; the code of a sequence a = 
{ao, ■ . • , fln-i) is written (ao, . . . , a„_i); we have a recursive function Ih giving 
the length of a coded sequence, and recursive projections such that the 
following equations hold: 

((ao, . . . ,a„_i))i = 0<i<n 
((s)o, . . . , (s)ih(s)-i> = s 

For subsets ^, S of N we write A ^ B for the set of indices of partial recursive 
functions which map every element of A to some element in B (and in particular, 
arc defined on every element of A). We write AAB for the set {{a,b) \ a € A,b G 
B}. 

The partial recursive function with index e is denoted (j)^. We employ A- 
notation: the expression Xx.t denotes a standard index (obtained by the S-m-n 
theorem) for the (partial) function x i— t. 

Definition 1.1 A function : V{N) — > V^N) is (recursively) monotone if the 
set 

Pi {A^ B)^ {TA FB) 

A,BCM 

is nonempty. 

The set of monotone functions is preordered as follows: we write J- < Q ii 
the set Hacn ~^ nonempty. 

Definition 1.2 A function J' : P{N) — > V{N) is a local operator if the following 
sets are nonempty: 

Eli J) - nABCNiA^B)^{JA^JB) 

E2iJ) = ClACf^A-^JA 

EsiJ) - HaqnJJA^JA 

So, every local operator is a monotone function. Examples of local operators 
are: the function which maps every set to N (the trivial local operator) and the 
function which maps to and every nonempty set to N (the -i^-opcrator). 

It is left to the reader to verify that from elements of Ei{J'), i?2(J^), E^{J) 
we can recursively obtain an element of 

Ei{J) - n JAAJB^J{AAB) 

AM<zn 

The following theorem was proved in [7] and [1]. 
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Theorem 1.3 (Hyland-Pitts) For any recursively monotone function T there 
is a least (w.r.t. the preorder on monotone functions) local operator L{!F) with 
the property that T < L{F). 

An explicit formula for L{J-) is 

L{F)A = C N I {0} A A C B and {1} ATB CB} 

For more on local operators, the reader is referred to [2]. 

In this paper, we shall deal with only one monotone function T and its associated 
local operator L{F). This fmiction was defined by A.M. Pitts in [7]: 

TA = IJ(tn^A) 

riGN 

where is short for {m £ N | n < m}. Henceforth we write J for this L{F). 
Pitts proved the following facts: 

Lemma 1.4 

i) 

ii) J{O}nj{i} = 

Hi ) J preserves inclusions. 

From items i) and ii) it follows that J is not the -i-i-operator. 

We reserve the letters a, b, c, d, e for chosen elements of the following sets: 

b e \^A^s^^{A^B)^{JA^JB) 
c e {^j^^,,TA^JA 

e e ^AMQn^AAjB ^ J{AAB) 
The following lemma was proved in [2]. 

Lemma 1.5 For any total recursive function F there is a partial recursive func- 
tion G (an index for which can be obtained recursively in an index for F ), such 
that for every coded sequence s = (oo, . . . , On-i) o,nd every n-tuple xq, . . . , Xn-i 
such that xq G J{aa}, . . . ,Xn-i £ J{an-i}, we have 

G((xo,...,x„_i)) e J{F{s)} 

The following corollary is easy, and just stated for easy reference: 

Corollary 1.6 There are partial recursive functions G and H such that for 
xo e Jiao}, . . . , x„-i e J7{a„_i} we have 

G{{xo, . . . , Xn-i)) e >^{0} if for some i < n, Oi = 

G({xo, . . . , Xn-i)) G '^{1} otherwise 

H{{xq, . . . , Xn-i)) G if i < n is least such that Oi = 

H({xo, . . . , a;„_i)) G J^in} if there is no such i < n 
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2 J7-Assemblies and jT'-realizability 



The category of J- assemblies has as objects pairs {X, E) where X is a set and E 
a function which assigns to every x £ X & nonempty set E{x) C N. A m,orphism 
of j7-assemblies {X, E) — > (F, F) is a function / : X — > F such that the set 

fl E{x) ^ JF{f{x)) 

xex 

is nonempty; any element of this set is said to track the function /. 

Morphisms can be composed: given / : {X, E) ->■ {Y, F) and g : {Y, F) ->■ 
{Z, G), tracked by n and m respectively, then 

tracks gf, as is easy to check. 

The category of j7-assemblies is cartesian closed: the product of jZ-assemblies 
{X, E) and (y, F) can be given as {X x Y, G) where G{x, y) = E{x)hF{y). The 
exponent (F, F)^-^'^^ has as underlying set the set of morphisms from {X,E) to 
{Y,F); and assigns to such a morphism the set of its trackings. Moreover, the 
category has a natural numbers object: the object A'^ = (N, {•}). 

For a jT-assembly {X, E), a subobject is given by a function R: X ^ ■p(N) 
such that the set Hijex ^(■^) ^ ■JE{x) is nonempty; this data determines a 
J'-assembly (X',R), where X' = {x ^ X\R{x) ^ 0}, and a monomorphism 
{X',R)^{X,E). 

J'-asscmblics can be structures for a first-order language: suppose {X, E) is a 
iJ-assembly; suppose n-ary function symbols / of the language are interpreted as 
morphisms [/] : {X, — >■ {X, E), and n-ary relation symbols R by subobjects 
[R] of (X, £;)" (thought of as maps [R] : X" ^ P(N)). 

We have a notion of truth given by J-realizability. We define, for a formula 
^{vi, . . . , Vn) of the language and elements xi,. . . ,Xn oi X, what it means that 
a natural number e J-realizes ^{xi, . . . , a;„): 

e J'-realizes t = s{x) iff e e JE{xi) A • • ■ A JE{xn) and [t]{x) = [s]{x) 

e jT'-realizes R{x) iff e e [-R](^) 

e jT'-realizes {(pAip){x) iff (e)o ^/-realizes ^{x) and (e)i J'-realizes tp{x) 

e ^/-realizes {4> V tp){x) iff either (e)o = and (e)i jT-realizes (j^ix), or 
(e)o 7^ and (e)i jT-realizes ipix) 

e jT-realizes (</> -> iff (e)o e JE{xi) A • ■ • A JE{xn) and for all 

m such that m J'-reahzes (j)(^e,)^{m) is defined and is an element of 

J{k I k jZ-realizes ^{x)} 

e ^/-realizes 3x(f){x) iff for some a € X, (e)o € JE(a) and (e)i jZ-realizes 
(^(a,f) 
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e J-realizes Vx(f>{x) iff (e)o G JE{xi)A- ■ ■AjE{xn) and for all ?/ G X and 
all k € E{y), (t>{e)i (k) is defined and an element of J7{m | m jZ-realizes (l>{y, x)} 

In particular, this can be applied to the natural numbers object TV and the 
language of arithmetic. It was proved in [2 that an arithmetical sentence is 
true under j7-realizability (i.e., has a j7-realizer) precisely if it is classically 
true. 

This theorem was based on considering J-decidahle subsets of N, and J- 
representable functions N — > N. 

Definition 2.1 A subset A C N is called J-decidahle if there is a total recursive 
function F such that F{n) e ^^{0} if n e A, and F{n) e J{1] if n ^ A. 

A function / : N ^ N is J -representable if there is a total recursive function 
F such that for all n e N, F{n) e J{f{n)}. 

In [5] it was shown that every arithmetical subset of N is j7-decidable; the 
following theorem sharpens this result. 

Recall that a subset A of N is 11} if it can be defined in the language of 
second-order arithmetic by a formula A — {x | VX^(A", x)} where MX is the 
only second-order quantifier in VXi/;(Ar, x). A set is if its complement is 
n}; and a set is hyperarithmetical or A}, if it is both 11} and E}. A function 
/ : N — > N is hyperarithmetical if 

graph(/) = {{nJ{n))\neE} 

is a hyperarithmetical set. 

Theorem 2.2 The J-decidahle sets are precisely the hyperarithmetical sets, 
and the J -representable functions are precisely the hyperarithmetical functions. 

Proof. Recall that J^A = UnsNt" ^ so FA is defined by an arithmetical 
formula in A. By the explicit formula for J = L{F) given in theorem 11.31 we 
see that J A is defined by a formula 

J A = {x\\JB{i){A,B) ^ X e B)} 

with -0(^,5) arithmetical in A. It follows that if A is arithmetical, then J A 
is a n}-set. In particular, J{Q} is 11} . Hence, if ^ C N is J'-decided by the 
recursive function F in the sense of definition 1 2.1) then A = F~^ {J {Q}) , so also 
n}. Since the complement of A is F~^{J{1}) hence also IlJ, it follows that A 
is hyperarithmetical. 

For the converse, in order to show that every hyperarithmetical set is J- 
decidable, we consider the set 

C = {e\cj)eis total and for aU n e N, 0e(n) G J{0} U J{1}} 

and the C-indexed collection of subsets of N: 

= (0e)-^mO}) 
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Recall from lemma [Ol that J{0}r\ J{1} = 0, so the collection {Ce\e G C} 
consists precisely of the J^-decidable sets. We need to show that it contains all 
A}-sets. 

This, in fact, is a straightforward application of the Suslin-Kleene Theorem 
(see [3 [S]). We have to check that our collection {Cg | e £ C} is a so-called 
SK-class ([5]) or an effective a -ring ([S]). This means that we must exhibit 
partial recursive functions ri, T2 and a for which the following hold: 

i) For all n, Ti(n) is defined and C,-j(„) = {71} 

ii) For all e e C, T2(e) is defined and Cr2(e) = N — Ce 

iii) For every e such that 0e is total and 0e takes values in C, a(e) is defined 
and 

Ca(e) — [J Cf^^t^n) 
riGN 

The Suslin-Kleene theorem asserts that there is an indexing {Gx\x e G} of 
the A}-sets, which is the minimal SK-class (in an effective sense, which need 
not concern us here). So if we have proved i)-iii), it follows that {Cg | e G C} 
contains all the Aj-sets. 

10 if X ^ Ti 

For i) let Xn(a:) = j ^ otherwise and let Ti(n) = Aa;.(/)a(xn(a;)) 

For ii) let cbe such that (/!'c(0) = 1 and (/'c(l) = 0. Let T2(e) = Aa;.00|^(c) ((/)e(a;)). 
For iii) let G be a recursive function as in coroUarv 11.61 Now if is total 
and takes values in G, and a; £ N is arbitrary, we have: 

if a; e [jnm^'t'dn) t^en 

G((00e(o)(a;),...,00,(„)(a;))) e J{0} 
for n large enough; 
if 2; (^{j.aen^4>dn) then 

G((00e(o)(a;),---,00e(n)(a;))) e J{1} 

always. 

So if 

ifxeUnC-.^ 



X(a:) = | I Ic " j and ^(e,x) = An.G((^^„(o)(x), . . . , 0^^(„)(x))) 

then -0(6,2;) G TJ{x{x)}. So, let f7(e) = Ax.0d(0c(V'(ej 2;))). 

For the statement about the J'-representable functions: clearly, if / is J- 
representable then graph(/) is a jT'-decidable subset of N, hence hyperarith- 
metical by the first part of the proof. Conversely, if graph(/) is ^J-decidable we 
can find an index for a function which j7-represents / by using the function H 
from corollary [TTB] in a way similar to what we have done in the first part, since 
f{x) is the least y such that (x, y) G graph(/). I 
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3 A j7-realizability interpretation of nonstan- 
dard arithmetic 



In [TU], the first nonstandard model of Peano Arithmetic was constructed. Since 
the construction does not appear to be weh-known and because elements of it 
are essential for what follows, we outline it here. 

Let ao,ai,. . . be an enumeration of all arithmetical functions N ^ N. We 
construct a strictly increasing function ip such that for all i, j G N we have one 
of three possibilities: aiip{n) < aj^j{n) for almost all n, or aiip(n) = ajip{n) for 
almost all n, or aiip{n) > aj^p{n) for almost all n. 

In order to achieve this, one constructs a sequence ^ ^ ■ • ■ of infinite 
sets; each Ak must have the property that for all i,j < fc, ai < aj on Ak 
or ai — aj on Ak or ai > aj on A^. This is done as follows: let Aq = 
N. Suppose inductively, that Ak has been constructed and has the required 
property. Suppose that the restrictions of ao, ■ • • , Q^fc to Ak are ordered as /3i < 
• • • < /3/ . Now Ak can be written as a finite union 

Ak = {x eAk\ ak+i{x) < 

U{x e Ak\ak+i{x) = Pi{x)} 

U{x e Ak I I3i{x) < ak+i{x) < P2ix)} 

U- • • 

U{x e Ak I l3i{x) < ak+lix)} 

Let Ak+i be the first set in this list which is infinite. This completes the con- 
struction of the sequence Aq D Ai Z) ■ ■ ■ . 

Finally let ip be defined by: V'(O) = and ■ilj{k + 1) is the least element of 
Ak+i which is > ip^k). 

The underlying set of Skolem's model is the set TV of equivalence classes 
of arithmetical functions, where two such functions a and /3 are equivalent if 
aTp{n) = (3ip{n) for n large enough. We have an embedding t : N — t- TV which 
sends n to (the equivalence class of) the constant function with value n. We 
can extend an arithmetical function a : N — >■ N to TV by putting a{[f3]) = 
[a^]; this is well-defined on equivalence classes, so TV is a structure for the 
language of arithmetic; and l is an elementary embedding since we can prove 
for any formula (^(wi, . . . , u„) in the language of arithmetic and any n-tuple 
[/3i], . . . , [/3„] of elements of TV, that TV h <p([/3i], • ■ • , [l3{n)]) if and only if N h 
if {(3 lip {k) , . . . , f3nij{k)) for almost all k. 

Now it is not hard to see that the whole construction, which needs an enumer- 
ation of all arithmetical functions and checking whether or not an arithmetical 
set is infinite, can be done recursively in a truth function for arithmetic, which 
is hyperarithmetical (see, e.g., [8|, 16-XI). Therefore, the function ip can be 
assumed to be j/-representable. 

We can now endow the set TV with the structure of a J'-assembly, by putting 

^([o^]) — {e I for some fH G [a], e represents Ptp} 
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For any arithmetical /3, the map [a] — ^ [(3a] is well-defined and tracked, so the 
iJ-assembly A/" is also a structure for the language of arithmetic. And again, we 
have an embedding i : N Af oi J'-assemblies, which is just i on the level of 
sets. 

By a straightforward application of the proof method in [2] for the theorem 
that the J'-realizable sentences of arithmetic are exactly the classically true 
ones, one now obtains the following therem. 

Theorem 3.1 The map i is an elementary embedding. For a formula ip{vi, . . . , Vn) 
and numbers ai, . . . , a„ the following four assertions are equivalent: 

i ) </5(ai, . . . , a„) is true in the classical model N 

ii) (p{ai, . . . ,a„) has a J-realizer (in the sense of the assembly N) 

Hi) ip{i{ai) , . . . , i{an)) has a J-realizer (in the sense of the assembly M ) 

iv ) ip{i{ai), . . . , i(a„)) is true in the classical model M 

Moreover, the equivalence ii)<^iii) is effective in realizers. 

If ai, . . . , ak are arithmetical functions then the following are equivalent: 

i ) Lp{[ai\, . . . , [an]) is true in the classical model J\f 

ii) Lp{[ai\, . . . , [an]) has a J-realizer 

Hi ) Lp{aiil){k), . . . , anip{k)) is true in N for almost all k 

The model M is in fact very classical: let St (the subobject of standard num- 
bers) denote the image oi i : N TV. Since the condition 'a is bounded' is 
arithmetical in a, we have: 

Proposition 3.2 The statement \/y{St{y) V -iSt(i/)) has a J-realizer. 

Nevertheless, the universe of J'-assemblies also has non-classical features. Just 
like in the category of ordinary assemblies, Konig's Lemma fails, and Cantor 
space and Baire space are isomorphic: 

Proposition 3.3 In the category of J -assemblies, the objects 2^ and are 
isomorphic. Hence, Konig's Lemma fails: there is a continuous but unbounded 
function 2^ N . 

Proof. This follows from the result (see [5], Corollary 16-XLI(b)) that, analo- 
gous to the ordinary Kleene tree, there is a recursive, finitely-branching, infinite 
tree which has no infinite hyperarithmetical branch. The stated isomorphism 
now follows in a way similar to [T^, 3.2.26 (see also [T], 13.1-4). I 
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4 General comments and further work 



Just as ordinary Kleene realizability is the standard notion of truth in an ele- 
mentary topos, the effective topos £ff of J.M.E. Hyland ([1 ), J'-reahzabihty is 
the standard notion of truth in a topos, a subtopos of the effective topos. Let us 
denote this subtopos by £ff j- The topos £ffj shares some features with £ff: 
it is the free exact completion over the regular category of J'-assemblies. Ev- 
ery object is covered by a J'-assembly. The subobject classifier ft is the object 
('P(N), =) where [A = B] is the set {A JB)A{B J A). It is immediate that 
(a, a) is an element of [A = A] for all A, and this implies that the Uniformity 
Principle holds: 

Proposition 4.1 For any object X which is a subquotient of N , the natural 
map X — X^ is an isomorphism. In particular, this holds for the objects N , 
N^, M andM^. 

Analogies between £ff j and £ff can also be drawn on the basis of an analysis 
of the (partial) hyperarithmetical functions and the indexing to which the local 
operator J gives rise: write = t/^g if for every n: n £ dom(i^) if and only 
if (j)e{n) G J{m} for some (necessarily unique) m, and (j)e{n) S J{F{n)} if 
n G dom(i^). 

One sees that dom{ipe) is a n}-set; this is in accordance with the philosophy 
of 'recursion theory with hyperarithmetical functions', that if the latter are 
analogous to recursive functions, the analogues of r.e. sets are the n}-sets ([8], 
p.402). 

We conjecture that (a subcollection of) the IlJ-sets form a dominance in 
£ffj ([SI m]) and that there is a model of Synthetic Domain Theory in this 
topos. 

Finally, let us remark that the nonstandard model given here, should be 
compared with the model defined in [4\, section 3. In both cases it is a model in 
a sheaf topos over £ff, and there is an obvious similarity between (the monotone 
function generating) Pitts' local operator and the Frechet filter in £ff. But 
our proposition 13.21 contrasts which what Moerdijk claims to hold in his model 
(proposition 3.1 in [3]). 
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